In Silico Characterization of Resonance Energy Transfer for Disk-Shaped Membrane Domains  by Kiskowski, Maria A. & Kenworthy, Anne K.
In Silico Characterization of Resonance Energy Transfer for Disk-Shaped
Membrane Domains
Maria A. Kiskowski*y and Anne K. Kenworthyyz
*Department of Mathematics, Vanderbilt University, Nashville, Tennessee 37240; yDepartment of Molecular Physiology and Biophysics,
and zDepartment of Cell and Developmental Biology, Vanderbilt University School of Medicine, Nashville, Tennessee 37232
ABSTRACT Fo¨rster resonance energy transfer (FRET) has become an important tool to study the submicrometer distribution
of proteins and lipids in membranes. Although resolving the two-dimensional distribution of ﬂuorophores from FRET is generally
underdetermined, a forward approach can be used to determine characteristic FRET ‘‘signatures’’ for interesting classes of
microdomain organizations. As a ﬁrst step toward this goal, we use a stochastic Monte Carlo approach to characterize FRET in
the case of molecules randomly distributed within disk-shaped domains. We ﬁnd that when donors and acceptors are conﬁned
within domains, FRET depends very generally on the density of acceptors within domains. An implication of this result is that
two domain populations with the same acceptor density cannot be distinguished by this FRET approach even if the domains
have different diameters or different numbers of molecules. In contrast, both the domain diameter and molecule number can be
resolved by combining this approach with a segregation approach that measures FRET between donors conﬁned in domains
and acceptors localized outside domains. These ﬁndings delimit where the inverse problem is tractable for this class of dis-
tributions and reframe ways FRET can be used to characterize the structure of microdomains such as lipid rafts.
INTRODUCTION
Cell membranes contain localized regions of specialized
lipid and protein composition known as membrane micro-
domains. Recently, much interest has been devoted to
understanding the structural and functional properties of a
class of membrane microdomains termed lipid rafts. Com-
monly deﬁned as microdomains enriched in cholesterol and
sphingolipids, lipid rafts are envisioned to function as
platforms that concentrate and segregate proteins within the
plane of the bilayer (1–3). The structure of such domains in
intact cell membranes is still unclear, fueling controversies
over the raft model (4). Except in specialized circumstances,
lipid rafts in most cells cannot be directly viewed with light
microscopy. Instead, the size of lipid rafts has been estimated
as submicrometer in dimension. Current estimates suggest
they may be as small as 5–10 nm and contain as few as three
or four proteins (5).
Given the small size of lipid rafts, Fo¨rster resonance energy
transfer (FRET) has become an important tool to study their
properties in cell membranes (6–10). FRET reports on the
proximity of two ﬂuorescently labeled molecules separated
by distances of,100 A˚. Because of this, FRET can be used to
test the hypothesis that raft proteins are enriched in domains
with submicrometer dimensions. In such experiments, puta-
tive protein or lipid residents of membrane microdomains are
typically labeledwith FRETdonor and acceptor ﬂuorophores,
and the resulting FRET is measured (11–19). The presence of
FRET is not sufﬁcient to provide evidence for the existence of
domains because donors and acceptors conﬁned to a mem-
brane can readily be brought into FRET proximity by chance
(20–22). Instead, the dependence of FRET on the surface
density of the labeled molecules is assessed to provide a
measure of the local packing of molecules in microdomains
(reviewed by Kenworthy (7)).
An ultimate goal of these FRET measurements is the
inverse problem of deducing the size of microdomains, the
fraction of proteins localized to domains, the area fraction of
membrane occupied by domains, and the mechanism of
domain formation. Yet a pervasive feature of inverse prob-
lems is that solutions are not unique. Because transfer occurs
between a pair of molecules, the only information that the
FRET mechanism extracts from a ﬂuorophore distribution is
the distance between transferring molecules. In particular, the
angles between segments connecting ﬂuorophores are lost so
that resolving the spatial arrangement of ﬂuorophores is un-
derdetermined. Thus, it is important to investigate which
properties of a ﬂuorophore distribution can be resolved using
FRET in the context of the constraints placed on the dis-
tribution (i.e., in the case that some features of the distribution
are already known).
Given the innate intractability of the inverse problem, how
then can the underlying distribution of ﬂuorophores be in-
vestigated? One approach to this question is to consider the
forward problem by simulating FRET for biologically rele-
vant distributions to ﬁt experimental data (e.g., Sharma et al.
(18)). Even the forward problem for FRET for an arrangement
of ﬂuorophores, in a plane or in space, is complex because of
several nonlinear components in the calculation of the prob-
ability of transfer. First, the transfer rate between a donor-
acceptor pair depends on the inverse of the separation distance
raised to the sixth power. This results in a very sensitive
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dependence on the separation distance: for small separations,
a small change in distance results in a large change in the
transfer rate. It is this nonlinear property that makes FRET
successful as a spectroscopic ruler (23). A second source of
nonlinearity is the effect of multiple acceptors, or ‘‘acceptor
competition.’’ A third source of nonlinearity is the ‘‘donor
competition’’ that results when multiple donors compete for
transfer with acceptors in the same local area. Finally, in
biological membranes, a very important source of nonline-
arity results from the stochastic distribution of ﬂuorophores.
This last source of nonlinearity makes analytic treatment of
FRET especially difﬁcult. For certain limiting cases in which
geometric constraints are imposed on ﬂuorophore positions,
for example, assuming a perfectly random distribution or
noninteracting oligomers with ﬁxed distances, FRET can be
calculated analytically (20–22,24–28). Most biologically
relevant distributions lie somewhere between these two ex-
tremes and are difﬁcult or impossible to calculate analytically.
Because the individual ﬂuorophore interactions of FRET are
entirely understood, an individual-based Monte Carlo model
can be used to capture all relevant aspects of membrane FRET
(29–31).We therefore use this approach to characterize FRET
for a general class of membrane microdomain distributions in
whichmolecules are randomly distributedwithin disk-shaped
domains of ﬁxed radius.
Theory of FRET for multiple acceptors
Fluorescence resonance energy transfer occurs when the
absorption spectrum of a ﬂuorophore (the acceptor) overlaps
with the emission spectrum of another ﬂuorophore (the
donor) so that nonradiative transfer of the excitation energy
occurs from the donor to the acceptor. The transfer rate kt
from a single donor to a single acceptor (the single-distance
model (32)) can be expressed as a function of the separation
distance R (for R in the 10- to 100-A˚ range), the donor
lifetime tD, and the Fo¨rster distance R0:
kt ¼ 1=tD3R60=R6: (1)
The Fo¨rster distance R0 is the critical separation distance
at which excitation transfer occurs with 50% probability over
the lifetime of the donor and depends, among other things,
on the spectral overlap of the ﬂuorophores and the relative
orientations of their transition dipoles during the energy
transfer process. A widespread measure of FRET is the FRET
efﬁciency E, which can be robustly measured experimentally
in several ways (29). The FRET efﬁciency is the ratio of the
transfer rate to the total decay rate of the donor and can be
calculated from Eq. 1 as:
E ¼ R60=ðR601R6Þ: (2)
For the case of small oligomers in which there are two
interactingmolecules separated by a ﬁxed distance (i.e., dimers),
the FRET efﬁciency can be described with a relatively simple
analytic expression using the single distance model. The
average FRET efﬁciency within a dimer is equal to the pro-
bability of transfer from the donor to the second molecule
(given that the second molecule is labeled with an acceptor)
times the probability that the second molecule is labeled with
an acceptor:
Edimer ¼ ½R60=ðR601R6excÞ3 fA; (3)
where Rexc is the donor-acceptor separation and fA is the
fraction of molecules that are labeled with acceptors.
For the application of FRET within biological membranes,
the single-distance theory must be expanded to include the
effects of multiple donors and multiple acceptors arranged in
heterogeneous distributions. The earliest studies of FRET
departing from the single-distance model studied FRET for
several acceptors surrounding a single donor (33–35). In the
case of weak dipole-dipole coupling, the rate of transfer from
an excited donor to multiple acceptors separated at distances
Ri is the sum of the individual transfer rates:
kt ¼ 1=tDSðR0=RiÞ6: (4)
This description of the effect of multiple acceptors was ﬁrst
described by Fo¨rster (33).
In the case of trimers (oligomers with three molecules), the
analytic expression for the average FRET efﬁciency is still
straightforward but more complex because an excited donor
may be oligomerized with one acceptor-labeled molecule
(Case A) or two acceptor-labeled molecules (Case B). The
transfer efﬁciency in Case A is the same as that for the dimer
(Eq. 3). By Eq. 4, the transfer rate for Case B is kt ¼ (1/tD)
[(R0 /Rexc)
6 1 (R0 /Rexc)
6 ] so that the FRET efﬁciency is
E ¼ ½2R60=ð2R601R6excÞ. Weighting by the probabilities of
Case A and Case B, the FRET efﬁciency of a distribution of
trimers is:
Etrimer ¼ ½R60=ðR601R6excÞ3 2fAð1 fAÞ
1 ½2R60=ð2R601R6excÞ3 fA fA: (5)
Note that whereas the effect of multiple acceptors on the
transfer rate is linear because the total transfer rate equals
the sum of each individual transfer rate (Eq. 4), the effect of
multiple acceptors on the probability of transfer is nonlinear.
For example, although two acceptors equidistant from a donor
double the transfer rate compared to only one acceptor, the
probability of transfer occurring with either acceptor is less
than doubled. The effect of two acceptors on the probability of
transfer can be understood by computing the probability of
events that are not mutually exclusive. An acceptor separated
at a distance Rexc from a donor has a transfer rate kt that results
in a probability P of transfer. Two acceptors separated at
distance R from a donor have a sum transfer rate of 2 kt.
However, because the two acceptors compete for a single
transfer, the probability of transfer is equal to the probability
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that either acceptor transfers minus the joint probability J that
they both transfer: (P 1 P  J), 2 P.
In 1964, Eisenthal and Siegel (24) considered more sophis-
ticated consequences ofmultiple acceptors andmultiple donors.
Assuming an averaged distribution of random ﬂuorophores in
continuous space, they demonstrate analytically that the
population of excited donors that undergo transfer is not
distributed randomly in steady state. Rather, these donors are
a population of donors that are near acceptors. Wolber and
Hudson (21) elaborated on this model by considering distri-
butions that account for the molecule exclusion radius. A
consequence of multiple acceptors and donors borne by these
analyses is that there is a multiplicity of donor molecule en-
vironments that independently contribute to FRET; for ex-
ample, this results in a nonexponential ﬂuorescence decay
function (21). FRET values for random, homogeneous distri-
butions have been calculated using analytic approximations
(20–22,24,36) and through simulation approaches (29,31,
36). Small oligomers and the homogeneous random case
occur as limiting cases of the disk-shaped domain model that
we consider here. FRET for the intermediate case of small
random domains has been considered by Sharma et al. (18).
MATERIALS AND METHODS
Stochastic model of FRET for
disk-shaped domains
Our stochastic model of FRET is based on that of Berney and Danuser (29).
The model simulates ﬂuorophore excitation, decay, and resonance transfer
as stochastic processes. FRET parameters are a static ﬂuorophore distribu-
tion F, donor and acceptor lifetimes tD and tA, and the Fo¨rster length R0.
Each ﬂuorophore is equipped with a Boolean state 0 or 1 that corresponds to
the relaxed or excited state, respectively. Time is evolved in discrete time
steps; each time step corresponds to Dt nanoseconds. The system may be
considered a discrete memoryless Markov chain because the system at time
step t1 1 depends only on the state of the system at time step t. Initially, all
ﬂuorophores are assigned the unexcited state 0. At each time step, the
simulation implements the following rules:
1. Donor excitation: Donor excitation is modeled by assuming a light of
constant intensity and wavelength so that an unexcited donor is excited
with constant probability Pexcite at each time step. The probability of
excitation is equal for every unexcited donor, and more than one donor
may be excited during a single time step. This probability summarizes
the effects of membrane absorbance, the interaction of the donor with
the excitation spectrum, the cross-sectional area of the donor, and the
photon ﬂux. If a donor is excited at the time step t, the donor state is
updated from 0 to 1. As in Berney and Danuser (29), an ‘‘exciton ﬂux’’
J is deﬁned that is a measure of the number of photons reaching a donor
per nanosecond. For a time step of length Dt nanoseconds, J ¼ Pexcite /
Dt. To simulate an arbitrarily small ﬂux, excitation is modeled by taking
Pexcite ¼ 0 if any acceptor or donor is excited and exciting exactly one
donor in a random location when the system is entirely relaxed (all
ﬂuorophore states are ‘0’). We deﬁne the number of excitons as the
number of times donors have been excited throughout the simulation, so
each time a donor is excited, the number of excitons increases by 1.
2. Spontaneous donor decay: In the absence of any acceptors, the decay of
an excited donor is modeled as stochastic, memoryless decay. For a
donor lifetime tD, a donor decays with rate kD ¼ 1/tD, which translates
to a probability PD ¼ Dt kD ¼ Dt /tD of decay at each time step of
length Dt. Note that the stochastic probability of decay has meaning
only if the probability is ,1. The time step length Dt should be chosen
so that Dt /tD 1. If Y is the population size of excited donors, then the
average change in this population as a result of decay is described by
DY ¼ YDttD. Taking the limit as Dt/ 0 and integrating, we recover the
exponential decay equation Y ¼ Y0e
t
tD . When a donor decays, its state is
updated from 1 to 0.
3. Donor transfer and acceptor excitation: In the presence of free ac-
ceptors, the rate of donor deexcitation must include the rate of transfer
with the rate of spontaneous decay kD. The transfer rate kT of an excited
donor with a single acceptor at distance R is given by Eq. 1, and the
transfer rate kT in the case of more than one free acceptor is given by Eq.
4. The total rate of donor deexcitation is kD1T ¼ kD 1 kT, which trans-
lates to a total probability PD1T ¼ Dt kD1T ¼ Dt (kD 1 kT) of donor
deexcitation. As before, Dt should be chosen so that the probability
of deexcitation PD1T  1. If deexcitation occurs at a time step,
spontaneous decay or transfer occurs with normalized probabilities
kD /(kD 1 kT) and kT /(kD 1 kT), respectively. In either case, the donor
state is updated from 1 to 0. If transfer occurs, the ith acceptor is chosen
for transfer with the normalized probability ðð1=tDÞ3ðR60=R6i Þ=kT, and
the state of the chosen acceptor is updated from 0 to 1.
4. Acceptor deexcitation: Acceptor decay is implemented in the same
way as donor decay. The probability of acceptor decay at each time step
is Dt /tA.
Unless stated otherwise, in FRET simulations tD ¼ tA ¼ 4 ns, and
the Fo¨rster length is 6.31 nm. Donors are excited in the limit when the ﬂux
J/ 0, so that there are no donor competition effects. We assume that the
acceptor emission proﬁle and the donor absorbance proﬁle are well
separated so there is no bleed-through excitation. In all simulations, the
measured response variable is the FRET efﬁciency, deﬁned as the total
number of transfers divided by the total number of donor excitations.
Simulations were scripted and run in Matlab (TheMathWorks, Natick, MA).
Our model simulates FRET for a given list of the x and y coordinates of N
ﬂuorophores and is available for download on request. The list of positions
may be assigned randomly from initial conditions, may be scanned from an
image of protein positions, or may be generated. A model that generates
molecule coordinates for a number of common situations is available
through Corry et al. (31). Their model also simulates FRET in two or three
dimensions.
To simulate FRET for a given distribution of molecules, molecules are
randomly labeled with donors and acceptors. Molecule positions are static
throughout a simulation because we neglect the effect of diffusion. The
effects of diffusion for conventional ﬂuorophore lifetimes (i.e., those in the
nanosecond range) are negligible (37). We deﬁne an intradomain FRET
approach as the labeling method in which domain molecules are labeled with
both acceptors and donors so that transfer occurs within domains. We deﬁne
a segregation FRET approach as the labeling method in which domain
molecules are labeled only with donors, although a second population of
molecules located outside domains is labeled with acceptors so that FRET
transfer occurs across the domain boundary. In either case, we assume that
total acceptor ﬂuorescence is measured during excitation at the donor excita-




We consider FRET for the class of distributions in which
molecules are randomly distributed within identical, nonin-
teracting disk-shaped domains. Each distribution within this
class is described by the number of domains m, the domain
radius r, the number of molecules per domain n, and the
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exclusion radius of themoleculesRexc. The parameters r, Rexc,
and n are the same for every domain within a single dis-
tribution. The molecule exclusion radius is modeled by
imposing conditions that molecules cannot overlap and are
completely contained within the domain. The intradomain
molecule density dV is given by n/pr2. TheV superscript here
and throughout this article indicates that the density is
calculated within domains. As the intradomain density in-
creases, by a decrease in the radius r or an increase in n,
packing constraints result in increasingly nonrandom conﬁg-
urations. For example, when the molecule occupancy is 2, 3,
or 7 and the domain radii are 5, 5.38, and 7.5 nm, respectively,
packing constraints result in a nonrandom conﬁguration in
which molecules are ﬁxed to positions on a hexagonal grid
(Fig. 1 Ai). The separation between adjacent molecules is the
exclusion radius. We deﬁne these three domains as oligomers
because they are a ﬁxed arrangement of n molecules where n
is small (,10). An intermediate case occurs when the domain
radius is small but large enough so that molecules position
randomly within domains (Fig. 1 Bi). Finally, this class of
distributions also includes distributions in which molecules
are distributed over the entire membrane because this dis-
tribution occurs in the limit as r/N. We deﬁne this as the
homogeneous random case (Fig. 1 Ci).
Calculating local acceptor density
Because the interaction of donors with acceptors decreases
by the inverse of the distance to the sixth power, FRET very
generally depends on the number and distances of acceptors
‘‘near’’ donors, i.e., the distributions of acceptors within a
small neighborhood of each donor (Eq. 4). For an arbitrary
distribution, the most general deﬁnition of the neighborhood
of each donor is a disk of radius k R0 centered at each donor’s
location. In computational models of FRET, k has been taken
to be 10 (29) or 6 (36). In this article, we study the extent to
which FRET can be described as a function of a properly
deﬁned acceptor density within natural, self-deﬁned do-
mains. We deﬁne the intradomain acceptor density dVA as the
number of acceptors within domains divided by the area of
domains. The A subscript here and throughout the article
indicates that the acceptor density is calculated. The
intradomain acceptor density is proportional to the number
of acceptor-labeled molecules within the domain: dVA ¼ n fA=
pr2, where fA is the mole fraction of molecules that are
labeled with acceptors. However, for small n this acceptor
density does not reﬂect the acceptor density within domains
reported on by FRET because of the conditional probability
that at least one donor must be found within the domain.
Thus, we consider the average acceptor density within a
domain weighted by the number of donors in that domain,
i.e., the donor-weighted intradomain acceptor density dVAw:
d
V
Aw ¼ ðSmi¼1 ðai=pr2Þ diÞ=SNi¼1 di; (6)
where ai and di are the number of acceptors and donors in the
ith domain and the sums are evaluated from i ¼ 1 to i ¼ m
where m is the total number of domains. For n randomly
labeled molecules and a large number of domains m; dVAw is
equal to the average density of acceptors in a domain given
that there is a donor within the domain:
d
V
Aw ¼ ðn 1ÞfA=pr2: (7)
Throughout this article, we calculate the donor-weighted
intradomain acceptor density using Eq. 7, and we refer to
it as the local acceptor density. The global acceptor density
dA (and the global molecule density d) are deﬁned as the total
number of acceptors (or the total number of molecules)
divided by the total membrane area.
Characterization of intradomain FRET for
disk-shaped domains
Clustering of molecules within domains increases FRET ef-
ﬁciency relative to the case in whichmolecules are distributed
randomly. We study how intradomain FRET depends on
the spatial organization of molecules within domains by
simulating FRET for oligomers, intermediate disk-shaped
domains, and the homogeneous random case. For all cases,
simulation results (Fig. 1) indicate that FRET efﬁciency
increases with the global acceptor density because the FRET
efﬁciency increaseswith themole fraction of acceptor-labeled
molecules (A–Cii) and decreases monotonically with the
donor to acceptor ratio (A–Ciii). FRET efﬁciencies predicted
by our simulation results for dimers and trimers and those
calculated analytically are identical within simulation error
(Aii–iii, solid versus dotted lines). This veriﬁes that stochastic
simulations agree well with analytic theory and, in particular,
that the analytic equations capture all signiﬁcant aspects of
FRET for this simpliﬁed scenario. For homogeneous random
domains, it has been previously established that the FRET
efﬁciency increases with the density of acceptors (21,22,
29,31,36) and decreases with the ratio of donors to acceptors
(29,31). For oligomers and disk-shaped domains, the results
described in Fig. 1 are independent of the global molecule
density becausewe assume that domains donot interact. How-
ever, the assumption that domains do not interact is valid only
if the global molecule density is sufﬁciently low. Notice that
the FRET efﬁciencies for the homogeneous case are compa-
rable to those of oligomers when the global molecule density
is 0.024 nm2 because a density of 0.024 nm2 is very high,
comparable to the intradomain molecule density within
oligomers. Generally, given a ﬁxed global molecule density
and a ﬁxed number of domains, the FRET efﬁciency
decreases systematically as the domain size increases (Fig. 2).
The simulation results described in Figs. 1 and 2 qualita-
tively indicate that FRET efﬁciency increases with the ac-
ceptor density within domains. This suggests that the ‘‘FRET
signature’’ of disk-shaped domains may be characterized as a
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function of FRET efﬁciency versus the local acceptor
density. Fig. 3 A shows the dependence of FRET on the
local acceptor density for all simulations described in Figs.
1 and 2. The FRET efﬁciency is aptly described as a single
function of the local acceptor density because all simulation
results may be estimated by the homogeneous random case
reasonably well (solid line, Fig. 3 A). We deﬁne this curve as
the ‘‘intradomain FRET signature’’ for disk-shaped domains
when the particle exclusion radius and the Fo¨rster length are
5 nm and 6.31 nm, respectively. For different values of Rexc
FIGURE 1 FRET dependence on spatial organization of molecules within disk-shaped domains. (A–Ci) Schematic depiction of disk-shaped domains for
three classes of domains considered in this study: (Ai) oligomers, (Bi) intermediate domains, and (Ci) homogeneous random distributions (domain radius r/N).
(A–Cii) FRET dependence on mole fraction of acceptor-labeled molecules fA for (Aii) dimers, trimers, and septamers, (Bii) intermediate domains, and (Cii) the
homogeneous random distribution. The fraction of donor-labeled molecules is held constant at a low value (fD ¼ 0.01) while fA is varied from 0 to 0.99. (A–
Ciii) FRET dependence on ratio of donors to acceptors RDA for (Aiii) dimers, trimers, and septamers, (Biii) intermediate domains, and (Ciii) the homogeneous
random distribution. Molecules are labeled with either an acceptor with probability fA ¼ (1 1 RDA)1 or as a donor with probability 1  fA so that molecule
labeling is 100%. The dotted lines in (Aii–iii) show FRET for dimers and trimers using exact analytic expressions (Eqs. 3 and 5) and are equal to stochastic
simulations within simulation error. For intermediate domains (Bii–iii), the domain radius r ¼ 10.6 nm and the number of molecules per domain are increased
from n¼ 2 to n¼ 5. For the homogeneous random case (Cii–iii), the global molecule density is 0.006, 0.011, or 0.024 nm2. For analytic and stochastic results,
the molecule exclusion radius is 5 nm, and the Fo¨rster radius is 6.31 nm. Results of stochastic simulations for intradomain FRET are shown as mean and
standard deviation of ﬁve independent simulations in which 2000 excitons are distributed among 5040 molecules and m domains where m ¼ 5040/n.
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or R0, the FRET signature is quantitatively different (Fig. 3 B).
For a ﬁxed Rexc and R0 there is variability among simulations
and variability in the relative positions of the curves so that
the points vary within a region rather than lie along a curve.
The extent of variation indicates the extent to which factors
other than the local acceptor density affect FRET. We now
describe some sources of this variability and explore their de-
pendence on Rexc and R0.
The local acceptor density is an important parameter for
determining the FRET efﬁciency because it functionally
summarizes the average number of acceptors near a donor
and the average distance of those acceptors. However, FRET
also depends on the distribution of donor-acceptor separa-
tions that are not entirely described by their average,
apparent in the scatter of points in Fig. 3 for each FRET
signature. One way that the distribution of donor-acceptor
separations can be changed while maintaining a constant
local acceptor density is by varying the extent of molecular
crowding. The effects of molecular crowding independent of
concentration effects were studied by Zimet et al. (36) in
homogeneous distributions by simulating FRET for different
values of Rexc. They found that crowding always increases
FRET transfer rates and that the magnitude of this effect
increases monotonically with the acceptor concentration.
Another way that crowding effects can be studied inde-
pendently of acceptor concentration is by varying the extent
of acceptor labeling for different molecule densities (com-
pare Fig. 4, A and B). Fig. 4 C shows FRET efﬁciency versus
local acceptor density for homogeneous distributions with
different molecule densities for two different values of R0.
As did Zimet et al. (36), we ﬁnd that crowding increases FRET
efﬁciency and that the magnitude of these effects increases
with the local acceptor density. Although the average donor-
acceptor separations are the same, crowding biases the dis-
tribution of separations so that many separations are smaller
than they would be otherwise. Variation in the FRET signa-
ture is also caused by differences among small oligomers
(Fig. 3 A, open black circles) that would have the same
amount of crowding. These differences in the FRET efﬁciency
are largely a result of variation in the number of acceptors
neighboring a donor, or neighbor effects. For example, in
dimers the number of acceptors neighboring a donor may be
0 or 1, whereas for trimers the number of neighboring
acceptors may be 0, 1, or 2. Even if parameters are chosen so
that the average number of neighboring acceptors is the
same, trimers will nevertheless have a wider distribution for
the number of neighboring acceptors (compare Fig. 4, D and
E). This explains the counterintuitive result that neighbor
effects decrease the FRET efﬁciency for a constant local
acceptor density. Fig. 4 F shows the extent of these effects as
a variation in the FRET efﬁciency versus local acceptor
density as the number of molecules per domain is increased
within oligomers. Differences in the FRET efﬁciency caused
FIGURE 2 FRET dependence on spatial organization within domains
when the global molecule density is held ﬁxed at 0.001 nm2. FRET
efﬁciency versus fA when molecules are clustered within domains of three
molecules with radius 5.4 nm (trimers, dotted line) or 10.6 nm (intermediate
domains, dashed line) or distributed homogeneously (solid line). In each
simulation 2000 excitons are distributed among m domains where m ¼
5,040/n in a membrane area 2240 nm3 2240 nm. Note that, for comparison,
in the homogeneous distribution, a disk-shaped region large enough to
contain three molecules (on average) would have a radius of 30.9 nm. All
other simulation parameters are as described in Fig. 1.
FIGURE 3 Intradomain FRET is described by local
acceptor density. (A) FRET dependence on the local
acceptor density for all simulations described in Fig. 1.
Results for oligomers, intermediate domains, and homo-
geneous distributions are indicatedwith openblack, solid
gray, and solid black circles, respectively. Oligomer
points when n ¼ 2 are connected with a dashed line,
and simulation results for a homogeneous random
distribution of points for a global molecule density of
0.024 nm2 are connected with a solid line. (B) FRET
dependence on the local acceptor density normalized
by p R2exc for ratios R0 / Rexc ¼ 0.7 (3/4.2), 1.0 (5/5), or
1.6 (5.6/3.5) for dimers (dashed lines) and trimers (dotted
lines) using the analytic equations described in Fig. 1
and for simulations for the homogeneous case when
the global molecule density is 0.024 nm2 (solid lines).
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by neighbor effects increase systematically with increasing
R0 for R0 , 10 nm (compare curves for two different values
of R0 in Fig. 4 F).
Implications of the intradomain FRET signature
Although our proposed FRET signature is expressed in terms
of the local acceptor density, a parameter that cannot be
experimentally measured, it nevertheless yields interesting
implications. The FRET signature is monotonically increas-
ing, so a measured value of FRET efﬁciency estimates a
single value for the local acceptor density. As a result, it is
straightforward to estimate the intradomain molecule density
and the total domain area but difﬁcult to determine the aver-
age domain radius. We illustrate these two points with two
examples.
We assume thatmolecules distribute randomlywithin disk-
shaped domains, and the particle exclusion radius and the
Fo¨rster length are 5 nm and 6.31 nm, respectively, so that
the FRET signature in Fig. 3 A may be used. We investigate
the extent to which the size of domains, the fraction of mem-
brane covered by domains, and the molecule density within
domains can be determined.
For a given FRET efﬁciency, the local acceptor density
dVAw can be estimated immediately using the FRET signature.
The intradomain acceptor density dVA (unweighted) can be
estimated from dVAw using Eq. 7:
d
V
A ¼ dVAwn=ðn 1Þ
 dVAw when n is large: (8)
The domain fraction DF can be estimated by comparing the
global acceptor density dA and the intradomain acceptor
density dVA:
DF ¼ global acceptor density=intradomain acceptor density
¼ dA=dVA
¼ ðdA=dVAwÞ3½ðn 1Þ=nÞ
 dA=dVAw when n is large: (9)
This expression states that if the intradomain acceptor den-
sity and global acceptor density are similar, then the domain
area and the membrane area are similar. Note that a precise
estimate of the intradomain acceptor density depends on n so
that dA=d
V
Aw overestimates the domain fraction by a factor of
n / (n  1). As n becomes large, this factor approaches 1.
Because the intradomain acceptor density is equal to the
intradomain molecule density dV times the fraction of
acceptor-labeled molecules ðdV ¼ dVA=fAÞ, the intradomain
molecule density may be estimated as dV ¼ dVAw=fA when n
is large.
We illustrate the applicability of these estimates in Fig. 5
A, which shows the estimated domain fraction versus the
actual domain fraction for all simulations of the previous
section. To estimate the domain fraction, we assumed that
nothing other than the FRET efﬁciency and the global
acceptor density for each simulation is measured from the
distribution and use Eq. 9 to estimate the domain fraction.
These results show that even without knowledge of the
number of molecules per domain n, and with simulation error
caused by stochastic ﬂuctuations, the domain fraction can be
FIGURE 4 Systematic dependence of FRET on mole-
cule crowding and the number of neighbors. (A–B)
Schematic depiction comparing the spatial distribution of
acceptors in the case of low (A) and high (B) molecule
density for the homogeneous random case when the
fraction of acceptor-labeled molecules is varied so that
they have the same acceptor density (four acceptors per
ﬁeld). Although the global and local acceptor densities are
the same, the distribution of donor-acceptor separations
may vary as a result of the varied extent of molecule
crowding. (C) FRET dependence on crowding effects in
homogeneous domains; comparing global molecule density
d ¼ 0.024 nm2 and d ¼ 0.046 nm2 when R0 is 6.25 nm
(solid lines) or 4.00 nm (dashed lines). For a given local
acceptor density and R0, differences in the curves are
caused by crowding effects that result in increased ordering
of molecules at higher density. (D–E) Schematic depiction
comparing the distribution of the number of neighboring
acceptors in dimers (D) and trimers (E). For both oligomers,
the average number of acceptors neighboring a donor is
the same (equal to 1.0), but the distribution of the num-
ber of neighboring acceptors is wider for the case of
trimers. (F) FRET dependence on the number of mole-
cules in hexagonally packed domains, comparing n ¼ 2,
n ¼ 3, and n ¼ 19 when R0 is 6.31 nm (solid lines) or
5 nm (dashed lines). For a given local acceptor density and R0, differences in the curves result from neighbor effects. For all simulations, the mole fraction of
molecules labeled with donor is 0.01, and the molecule exclusion radius is 5 nm.
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estimated within an order of magnitude using this approach.
Note that for all simulations, the same number of molecules
is distributed within the same-sized region. Although the
estimated domain fraction for domains with a small number
of molecules per domain is overestimated by a factor of
n / (n  1), the actual domain fraction in these cases is quite
small so that this still yields a very good estimate. For homo-
geneous random domains, in contrast, small ﬂuctuations in
the estimated dVAw result in a larger range of predictions.
Although the domain fraction may be estimated, the
domain radius is difﬁcult to determine by intradomain FRET.
To illustrate this point, we provide a concrete example (Fig.
5 B) in which two distributions D1 and D2 with different-
sized domains cannot be distinguished even as the donor-to-
acceptor ratio is varied over several orders of magnitude.
Although the second distribution has more molecules, the
domain radius r is also larger so that domains in both dis-
tributions have the same local acceptor density (Eq. 7). Note
that because the distributions have the same FRET efﬁciency
and the same global acceptor density, Eq. 9 would also
predict equal domain fractions for the two distributions.
To this point, we have considered the inverse problem in
the context of a known exclusion radius. If the exclusion
radius is unknown, the domain fraction can be estimated by
measuring the FRET efﬁciency at a constant global acceptor
density while varying the domain organization (for example,
via cholesterol depletion in the case of lipid rafts (12,15,16,
18,19)). However, multiple unknowns increase the extent to
which the inverse problem for FRET is underdetermined.
Fig. 5 C shows the FRET efﬁciency for intermediate
domains when n ¼ 5 and the particle exclusion radius is 5
nm (solid line) and for dimers (dashed line) and trimers
(dotted line) for particle exclusion radii that minimize the
difference in the curves. Although it may be possible to
distinguish dimers by their linear dependence on the mole
fraction of labeled acceptors, trimers with a particle exclu-
sion radius of 5.31 nm cannot be distinguished from domains
of ﬁve molecules with a particle exclusion radius of 5 nm.
A segregation-FRET approach provides an
estimate of the disk-shaped domain radius for
small and intermediate domain sizes
Because the domain radius cannot generally be resolved by
FRET when donors and acceptors are located within the
domain, we would like to ﬁnd a labeling method that exploits
the difference between domains with different radii. One ap-
proach to this problem is suggested by ﬂuorescence quenching
and FRET studies of membrane heterogeneity in vitro. To
detect the presence of small domains, these studies measure
segregation of donors and acceptors that occurs as the result
of their association with separate phases (reviewed by Silvius
and Nabi (10) and Heberle et al. (41)). We therefore designed
a segregation-FRET simulation in which donors and accep-
tors are localized inside and outside of domains, respec-
tively. This approach exploits the property of FRET that
donor excitation occurs in a random donor position, whereas
transfer occurs with the closest acceptor rather than with an
acceptor in a random position.We postulated that when donors
are conﬁned within domains and acceptors are segregated
outside domains (Fig. 6 A), this technique should provide a
measure of the average domain radius.
We simulated segregation-FRET for domains of varying
radii and found that the FRET efﬁciency decreases mono-
tonically with domain radius so that domains may be clearly
distinguished by their radii (Fig. 6 B, solid line). Smaller
domains yield a higher FRET efﬁciency in this experimental
scenario because the domain radius determines the scale of
the average acceptor-donor separation. Further, the FRET
efﬁciency does not depend on the density of donors within
the domain. Although all domains had the same number of
molecules, labeling 100% or 50% of the molecules in domains
FIGURE 5 Delimiting the tractability of the inverse
problem for intradomain FRET. (A) Estimated domain
fraction versus actual domain fraction for all simula-
tions described in Figs. 2 and 3. Points for oligomers,
intermediate domains, and homogeneous random do-
mains are open black, solid gray, and solid black
circles, respectively. The estimated domain fraction is
calculated for each simulation using Eq. 9. In each
case, the local acceptor density dVAw is estimated for the
simulated FRET efﬁciency by the solid line in Fig. 3 A.
(B) The FRET efﬁciency versus donor/acceptor ratio
for two distributions. In one distribution, D1 (dotted
line), the domain radius is 7.5 nm, and the number of molecules per domain is three. In the second distribution, D2, the domain radius is 10.5 nm, and the
domain occupancy number is ﬁve molecules. The domain radius for each distribution was chosen to yield the same local acceptor density. Their domain
fractions are 0.07 and 0.09, respectively. The molecule exclusion radius is 5 nm and the Fo¨rster radius is 6.31 nm. (C) When the particle exclusion radius is
unknown, oligomers may be difﬁcult to distinguish from larger domains. The solid line shows FRET efﬁciency versus mole fraction of acceptor-labeled
molecules for intermediate domains when the domain radius is 10.6, the particle exclusion radius is 5 nm, and the number of molecules per domain is ﬁve. The
dotted line shows the FRET efﬁciency for trimers using Eq. 5 for the particle exclusion radius that provides the closest ﬁt to the FRET efﬁciency of intermediate
domains (Rexc¼ 6.29 nm). The dashed line shows the FRET efﬁciency for dimers using Eq. 3 for the particle exclusion radius that provides the closest ﬁt to the
FRET efﬁciency of intermediate domains (Rexc ¼ 5.31 nm).
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with donors had no effect on the FRET efﬁciency (compare
dotted and solid lines, Fig. 6 B). Our disk-shaped domain
model makes no assumptions about the mechanism of do-
main formation. However, it is likely that the radii of domains
would vary to some extent in vivo. Fig. 6 C demonstrates that
the segregation FRET method yields a predictive functional
dependence on mean domain radius even in the case when the
domain radius is allowed to ﬂuctuate with a normal distribu-
tion (Fig. 6 C). This ﬁgure also shows that higher values of
R0 result in better resolution using this method; in particular,
higher values of R0 would be required to distinguish larger
domain radii.
Combining FRET approaches
When the size of domains is unknown but the density of a
molecule species outside the domains is known or can be
estimated, the segregation approach can be used to infer the
radius of domains. As an example, we consider the distri-
bution D1, which could not be distinguished from distribu-
tion D2 in Fig. 5 B and simulate segregation FRET for this
distribution by labeling all domain molecules with donors
and populating the nondomain space with acceptors for the
same extradomain density that generated the curve in Fig. 6
B. The results of ﬁve independent FRET simulations yielded
a FRET efﬁciency of 34 6 3%. The range of simulated
FRET efﬁciency within one standard deviation, indicated by
the horizontal gray region in Fig. 6 B, predicts domains with
a radius of 7.56 0.5 nm. This prediction corresponds well to
the actual domain radius of 7.5 nm. The FRET efﬁciency
within one standard deviation for the distribution D2
correctly predicts a larger domain radius of 10 6 0.5 nm.
The radius estimated for distribution D1 can be combined
with the intradomain acceptor density measured by intra-
domain FRET to deduce the number of molecules in domains.
The number of molecules in domains n can be derived from
Eq. 7 if the local acceptor density dVAw, the domain radius r,
and the fraction fA of labeled acceptors are known:
n ¼ dVAw pr2=fA1 1: (11)
The intradomain FRET efﬁciency for distribution D1 is
686 1% when the donor to acceptor ratio is 0.01 (Fig. 5 B).
This FRET efﬁciency predicts that dA is 0.0116 0.002 (Fig.
3 A). Because segregation-FRET estimates that r is 7.56 0.5
nm, and fA is 0.99 using fA ¼ (1 1 RDA)1, Eq. 11 indicates
there are 2.4 to 3.6 molecules per domain. This is an accurate
estimate of the known number of three molecules per domain.
DISCUSSION
FRET measurements describe a distribution of acceptors and
donors as a single point (e.g., the FRET efﬁciency) or a
single curve (e.g., the FRET efﬁciency versus mole fraction
of acceptor-labeled molecules). In either case, most of the
information about the distribution is lost. Fortunately, this
problem is ameliorated by the fact that we do not need to
resolve every ﬂuorophore position but instead are interested
in average properties such as whether donors and acceptors
are randomly distributed within domains, the intradomain
density, and the domain size in the context of a constrained,
biologically relevant subset of molecular distributions. In the
current study we undertook a Monte Carlo–based approach
to study the FRET signature of molecules randomly distrib-
uted within domains. For comparison with recent estimates
of the size of lipid rafts (18,42), we focused on domains with
radii ranging from 5 to 10.55 nm and assigned n ¼ 2–7
molecules and also considered unbounded domains that
would correspond to homogeneous distributions within the
membrane. Our disk-shaped domain model includes oligo-
mers in which the molecule separation is determined by the
FIGURE 6 A segregation FRET method can
determine domain radius independent of intra-
domain molecule density. (A) Labeling mole-
cules within domains as donors and molecules
outside domains as acceptors results in FRET
transfer from molecules within the domain to
molecules outside the domain. (B) The FRET
efﬁciency versus domain radius using the
segregation method when the fraction of
donor-labeled molecules within domains is
1.0 (solid line) or 0.5 (dotted line). The Fo¨rster
radius is 6.31 nm. The shaded horizontal
regions indicate the range of simulated FRET
efﬁciencies (within one standard deviation) when the segregation FRET method is applied to distributionsD1 andD2 of Fig. 5 B. These regions predict domain
radii of 7.5 6 0.5 nm and 10.0 6 0.5 nm, respectively. The actual domain radii were 7.5 and 10.5 nm, respectively. (C) The FRET efﬁciency versus domain
radius when domain radii are distributed normally with a ﬂuctuation of 25% (the ﬂuctuation is deﬁned as s2/m, the variance in domain radius s2 divided by the
mean domain radius m) when the Fo¨rster radius is 4 nm (solid line), 6.31 nm (dashed line), or 8 nm (dotted line). For all simulations, 100 domains containing
n ¼ 3 randomly donor-labeled molecules are distributed in a 660 3 660 nm2 area. The particle exclusion radius is 5 nm for all molecules, and the acceptor
density was 0.024 nm2 (outside domains). The range of domain radii in C is shifted compared to that in B to ensure that domains are large enough to
accommodate three molecules given the normal ﬂuctuation in domain radii. Simulation points and error bars show the average and standard deviation of ﬁve
simulations in which 2000 excitons are simulated.
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molecule exclusion radius but excludes other types of non-
random molecule conﬁgurations.
Limitations of this approach
In our stochastic model for FRET, we have made two approx-
imations. First, we assume a ﬁxed value for the Fo¨rster radius
R0 corresponding, for example, to the average value of R0
measured experimentally. However, the value of R0 actually
varies stochastically for each pair of ﬂuorophores in the mem-
brane because R0 is linearly proportional to the orientation
factor k2 of each ﬂuorophore pair (37). The orientation factor
depends on how ﬂuorophores are bound within the mem-
brane and their rotational freedom within the membrane. For
molecules that are freely rotating at speeds that are fast
compared to the timescale of transfer, the average orientation
factor can be estimated as two-thirds (43). Berney and
Danuser (29) found a signiﬁcant difference in their simula-
tion results and a better prediction of their experimental
results if they assumed a random orientation factor. Gener-
ally, the distribution of values for k2 and the distribution of
values for R0 are difﬁcult to estimate and thus represent an
additional important unknown. A recent study by Corry et al.
(44) describes a scheme that can be used to place limits on
the mean and distribution of this value experimentally.
Second, we excluded the effects of donor competition by
allowing the simulation to relax completely between donor
excitations. Donor competition occurs when donors compete
to transfer with available acceptors (29,31) and increases
with photon ﬂux because a higher photon ﬂux increases the
probability that two nearby donors will be simultaneously
excited (31). Experimentally, a zero exciton ﬂux corresponds
to excitation at a low enough intensity that the probability of
two nearby donors becoming simultaneously excited is
negligible. It has been found by Corry et al. (31) that the
effects of donor competition effects are negligible for typical,
low laser irradiance.
Intradomain FRET
Intradomain FRET for small oligomers, intermediate do-
mains, and homogeneous random distributions all exhibited
a similar dependence on the local acceptor density deﬁned
using Eq. 7 (Fig. 3). This characterization consolidates a
broad range of results into a single description and clearly
deﬁnes the limitations of FRETmeasurements for this method
and class of domains. For example, implications of this result
are that the intradomain molecule density (and the domain
fraction) may be estimated using intradomain FRET if the
particle exclusion radius is known, although the domain
radius (and/or the number of molecules per domain) is
underdetermined (Fig. 5). Perhaps more surprising is the
implication that domains of different sizes may yield the
same FRET efﬁciencies if they have similar intradomain
densities (Fig. 5 B).
Broadly, the domain fraction is estimated by comparing
the estimated intradomain acceptor density with the mea-
sured global acceptor density. If the intradomain acceptor
and global acceptor densities are equal, then the data are
consistent with a homogeneous distribution in which the
domain area is equal to the membrane area. Concentration of
donors and acceptors in domains will lead to an intradomain
acceptor density that is larger than the global acceptor
density and results in the calculation of a smaller do-
main fraction. Meyer et al. used this reasoning to deduce that
ﬂuorescently tagged G protein-coupled receptors were con-
centrated within a domain fraction comprising ;1% of the
cell membrane (45).
We propose that the dependence of FRET on the local ac-
ceptor density deﬁned as in Eq. 7 can be used as the ‘‘FRET
signature’’ of the disk-shaped domain model in which mole-
cules with an exclusion radius Rexc are randomly distributed
within disk-shaped domains of radius r. The FRET signature
may be generated with simulations if the exclusion radius
Rexc and the Fo¨rster length R0 are known. In our disk-shaped
domain model, we assumed that domains within a single
distribution are uniform in size and are spaced at sufﬁciently
large distances so that they do not interact. We additionally
assumed that no free monomers are present and that both the
number of domains and number of molecules within do-
mains are constant for a given distribution. Different models
of domain organization will yield different FRET signatures.
Further, we have demonstrated that effects such as variability
in the number of neighbors and the extent of molecular
crowding cause variation in the curve describing this depend-
ence. Although the magnitude of these effects generally
reduces the extent to which the domain fraction and molecule
density can be estimated using the methods described here,
these effects could possibly be used to extract more informa-
tion from a distribution. For example, the different sized
domains that could not be distinguished in Fig. 5 B may be
better resolved by exploiting multiple neighbor effects (Fig. 4
F), and the oligomers and intermediate domains that could not
be distinguished in Fig. 5 C may be better resolved by ex-
ploiting crowding effects (Fig. 4 C).
Segregation as a tool to characterize
domain radius
Given the limit on the potential of intradomain FRET to
report on the radii of disk-shaped domains, it is interesting to
note that the majority of previous FRET studies of lipid rafts
in cell membranes, including our own, have focused mainly
on FRET measurements of donors and acceptors that should
colocalize within lipid rafts (11–19). We show here that a
segregation approach can resolve domain radius when the
domain radius is less than three to four Fo¨rster lengths. Thus,
a combination of segregation-based and intradomain-based
FRET measurements will give a more comprehensive picture
of domain structure and can be used as we have here to
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robustly deduce the domain size, intradomain density, and
the number of molecules within domains of a given dis-
tribution.
The application of segregation FRET to determine domain
radii requires that donors be randomly distributed within
disk-shaped domains, whereas acceptors are randomly dis-
tributed outside domains. The donor density within domains
need not be known, but the acceptor exclusion radius and
acceptor density must be known to quantitatively generate
the dependence of FRET on the domain radius with simu-
lations (data not shown). Intradomain and segregation FRET
can be combined to estimate the domain radius, intradomain
density, and number of molecules per domain if additionally
the exclusion radius of molecules within domains is known.
The results presented here provide a strong case for sim-
ultaneous simulation and experiment. Simulations can be
designed to accommodate the speciﬁc set of known and
unknown parameters for each experimental scenario and can
help interpret experimental results in the complex context of
stochastic FRET, stochastic molecule distributions, and
systematic errors propagated by each parameter estimation.
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